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Modal type systems are a powerful tool for tracking properties in programming languages. They have long
been used to track properties of computations, such as mobility, co-e!ects or erasability. In recent years, several
authors have used them to track properties of values, such as stack location, linearity, purity or acyclicity.
However, to support the latter applications, one needs to restrict modal type systems appropriately. In this
abstract, we identify the value trick as a unifying principle connecting several approaches from the literature.

Modal type systems. Modal logics have become widely used in the "eld of programming lan-
guages. Under the propositions-as-types correspondence, the type !𝐿 denotes terms of type 𝐿
that additionally satisfy some property. Usually, one assumes the axioms of IS4: that the property
can be forgotten and duplicated. Most modal type systems are presented either in dual-context
style [26] or, more recently, in Fitch-style [8]. In this work, we use the latter; stripping away the
usual type formers (lambdas, products, sums), the relevant rules are:

! ω ω→

ω, 𝑀 : 𝐿, ω→ ↑ 𝑀 : 𝐿
ω,! ↑ 𝑁 : 𝐿

ω ↑ box 𝑁 : !𝐿

ω ↑ 𝑁 : !𝐿

ω, ω→ ↑ unbox 𝑁 : 𝐿

Call-by-Name Interpretation. Terms are endowed with a reduction relation, which evaluates a
term to a value. For modal type systems, it is common to use call-by-name interpretation. For
elimination rules like unbox 𝑁 , the inner term 𝑁 is evaluated until a suitable value box 𝑁 is reached.
In contrast, the term in the box is not evaluated directly and is returned by the elimination rule:

unbox (box 𝑁)↭ 𝑁 𝑂 ::= [·] | unbox 𝑂
Such semantics have been used to track properties of computations such as mobility [20], co-

e!ects [25], erasability [1, 3], usage in call-by-name [1, 6, 21], and staged computation [11]. However,
as was already remarked by Murphy et al. [20], the key property to make this sound is that "we do
not attempt to evaluate under the box".

Call-by-Value Interpretation. In recent years, it has become fashionable to use modal type systems
also for languages with call-by-value semantics. In this setting, a natural design choice is to allow
evaluation under the box:

unbox (box 𝑃)↭ 𝑃 𝑂 ::= [·] | box 𝑂 | unbox 𝑂
When evaluation under the box is allowed, the modality no longer tracks properties of the

computation, but rather of the returned value 𝑃 . Call-by-value semantics has been used for modal
type systems to track properties such as temporality [2], stack allocation [12, 19], a#nity [19],
purity [7], acyclicity [16], and e!ects [28, 29].
However, the above modal type system is not sound for these applications. As IS4 is a normal

modal logic, the calculus admits the K axiom (!(𝐿 ↓ 𝑄) ↓ (!𝐿 ↓ !𝑄)). However, this axiom
does not hold if the calculus contains primitives that can generate new resources out of thin air.
For example, if !𝐿 denotes non-linear values of a linear type 𝐿, then !1 and !(1 ↓ File) are
inhabited by unit and openFile, but !File should not be inhabited, as "les should be kept linear.
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The Continuation Trick. Wadler [31] solves this problem by using a continuation-passing style
interface for primitives that generate new resources, like withFile : (File ↓ File ↔ 𝑅 ) ↓ 𝑅 . The
interface ensures that no function generates a linear resource out of thin air; in other words,
resources that may not go under the box have no introduction form, and are instead only accessible
to a program if passed by its caller [7].

The Value Trick. In this work, we propose a di!erent solution. We observe that resources like File
are typically introduced by primitives like openFile (), which are expressions rather than values.
This is not incidental, because generation of new resources is inherently a side-e!ecting operation.
We can thus ensure that these resources are never boxed by restricting the box rule to values.

We are not the "rst to propose this idea: several authors have proposed to restrict the box rule
to values in the past [10, 19], or used a version of this trick in their work [2, 5, 28–30]. However,
we believe that the full consequences of this design have not been fully explored before. In this
abstract, we show that the value trick applies in various settings and uni"es several designs from
the literature.

Fitch-style Unbox. To apply the value trick to the Fitch-style presentation of modal type systems,
we have to restrict both the box and unbox rules to values:

! ω ω→

ω, 𝑀 : 𝐿, ω→ ↑ 𝑀 : 𝐿→
ω,! ↑ 𝑃 : 𝐿

ω ↑ box 𝑃 : !𝐿

ω ↑ 𝑃 : !𝐿

ω, ω→ ↑ unbox 𝑃 : 𝐿

Furthermore, both box 𝑃 and unbox 𝑃 are part of the syntax of values, which makes it possible to
unbox a variable under a box. While unbox (box 𝑃) is a redex, the reduction has no side-e!ects or
cost at runtime, which makes it possible to perform it at any time, similar to "complex values" [17].

Let-style Unbox in Fine-grained CBV. We can generalise the value trick to multimodal type theory
(MTT) [14] in "ne-grain call-by-value style [18]. Variants of this calculus were used by Ahman [2],
Tang et al. [29] and Tang and Lindley [28]. MTT is parameterised by a 2-category of modes and
modalities. For simplicity, we restrict ourselves to one mode. In this setting, variables in the context,
locks, and boxes are annotated by a monoid of modalities 𝑆,𝑇 which can be composed using ↗. We
write locks(ω→) for the composition of the modalities of the locks in ω→. The relevant rules are:

𝑆 ↘ locks(ω→)
ω, 𝑀 :𝐿 𝐿, ω→ ↑ 𝑀 : 𝐿

ω,! 𝐿 ↑ 𝑃 : 𝐿
ω ↑ box𝐿 𝑃 : !𝐿𝐿

ω,! 𝑀 ↑ 𝑃 : !𝐿𝐿 ω, 𝑀 :𝑀↗𝐿 𝐿 ↑ 𝑁 : 𝑄
ω ↑ let𝑀 box𝐿 𝑀 = 𝑃 in 𝑁 : 𝑄

The main change from MTT is that the box and unbox rules are restricted to values 𝑃 . The
intuition here is that whenever a precondition incorporates a lock in the context, its term must be
a value. However, we could allow expressions in the unbox rule if we removed the ! 𝑀 from the
context in the premise and set 𝑇 to be the identity modality.

Graded Call-by-Push-Value. Torczon et al. [30] propose an elegant formulation of graded [1, 6]
type theory in call-by-push-value [17] where the grades attach to values. Graded type theory is
parameterised by a semiring of grades 𝑈, which can be composed using + and ·. We write 𝑈 · ω for
the context that arises by multiplying all grades in ω by 𝑈 and ω1 + ω2 for the context that arises by
adding the grades of each variable in ω1 and ω2. We can express this using the rules:

0 · ω, 𝑀 :1 𝐿, 0 · ω→ ↑ 𝑀 : 𝐿
ω ↑ 𝑃 : 𝐿

𝑈 · ω ↑ box𝑁 𝑃 : !𝑁𝐿

ω1 ↑ 𝑃 : !𝑁2𝐿 ω2, 𝑀 :𝑁1 ·𝑁2 𝐿 ↑ 𝑉 : 𝑄
𝑈1 · ω1 + ω2 ↑ let𝑁1 box𝑁2 𝑀 = 𝑃 in 𝑉 : 𝑄

Comparing this box rule to MTT, we can see that graded type theory multiplies the context in
the conclusion, while MTT puts a lock into the context in the premise. Again, we have the intuition



A Value Trick for Modal Type Systems 3

that whenever the context arising from a precondition is multiplied by a grade, then the term in
the precondition must be a value. However, Torczon et al. [30] actually do not follow this recipe
completely as they do not restrict the elimination rule to values (!"#$$%&#’()). We believe that the
issue that they identify in Section 3.2 of their paper arises from this choice and could be remedied
by restricting the elimination rule to values as well.

Modal Type Quali!ers. In most modal type systems, the modality commutes with products and
sums. This makes the syntax of value-restricted modal type systems redundant, as the modality
can be pushed down into the type: for example, it should not matter whether we write !(𝐿,𝑄) or
(!𝐿,!𝑄). This motivates the calculus of modal type quali"ers [19] (related to the earlier work of
[12, 13, 22, 23]):

𝑆1 ≃ locks(ω→) ↗ 𝑆2
ω, 𝑀 : 𝐿@ 𝑆1, ω

→ ↑ 𝑀 : 𝐿@ 𝑆2
*+,

ω ↑ 𝑃 : 𝐿@ 𝑆 ↗ 𝑇
ω ↑ box𝑀 𝑃 : !𝑀𝐿@ 𝑆

-".

ω ↑ 𝑁1 : 𝐿@ 𝑆 ω ↑ 𝑁2 : 𝑄 @ 𝑆

ω ↑ (𝑁1, 𝑁2) : 𝐿 ↔ 𝑄 @ 𝑆
/+(,

ω,! 𝐿, 𝑀 : 𝐿@ 𝑆1 ↑ 𝑁 : 𝑄 @ 𝑆2

ω ↑ 𝑊𝑀 . 𝑁 : (𝐿@ 𝑆1 ↓ 𝑄 @ 𝑆2) @ 𝑆
&+0

In this calculus, the @𝑆 annotation corresponds to a delayed boxing of the term. In the var-rule,
we compose the locks in the context with 𝑆2: as if 𝑆2 was itself a lock in the context. In return,
the box rule does not have to put a lock into the context, and just adds 𝑇 to the @𝑆 annotation of
the term. The pair-rule pushes the delayed boxing into its components, encoding the implication
!𝐿𝐿↔!𝐿𝑄 ↓ !𝐿 (𝐿↔𝑄). In contrast, the lam-rule may not push the delayed boxing into the body
of the lambda. Instead, it performs the boxing by adding a lock at 𝑆 to the context.

Adjoint Natural Deduction. Jang et al. [15] de"ne a deduction system for tracking properties of
values. They make the observation that their system models the usual IS4 modality as !IS4𝐿 =
!(1 ↓ 𝐿). This was also observed by Curien et al. [10], who similarly propose to split the
exponential modality into an "proto-exponential whose promotion rule is restricted to values" and
a suspension. These observations suggest that in order to track properties of computations, we can
track properties of closure values instead.

Correspondence. In the appendix of the full version, we sketch a correspondence between the
"ve approaches above when restricted to a single property. This shows that they are all equally
useful for tracking simple properties of values and that the one should pick a type system based on
the other features it supports (like multi-modalities, substructural tracking, or type inference).

Which modal logic is this? In the appendix of the full version, we derive terms for 𝑋 : !𝐿 ↓ 𝐿,
4 : !𝐿 ↓ ! ! 𝐿, 𝑅 : !(𝐿 ↓ 𝑄) ↔ !(𝑄 ↓ 𝑌) ↓ !(𝐿 ↓ 𝑌), and 𝑍 : !1. Our calculus
does not admit the rule of monotonicity (↑ 𝐿 ↓ 𝑄 implies ↑ !𝐿 ↓ !𝑄), the K Axiom (!(𝐿 ↓
𝑄) ↓ (!𝐿 ↓ !𝑄)), or the rule of congruence (↑ 𝐿 ⇐ 𝑄 implies ↑ !𝐿 ⇐ !𝑄). While the rule
of necessitation (↑ 𝐿 implies ↑ !𝐿) is admissible in the base calculus, in practice one often adds
primitives that refute this rule. At the workshop, we hope to explore possible connections to
hyperintensional logics [4, 9, 24, 27].
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