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First introduced by C. I. Lewis as the fourth modal system, classical S4 is a well-known
modal logic, whose most commonly used axiomatization is due to Gödel. The possible-world
semantics for S4 is the class of models built on reflexive and transitive frames. The logic has
been extensively studied, both from a model-theoretic and a proof-theoretic viewpoint, and
enjoys several desirable properties — most notably decidability, which was proved in [5].

Intuitionistic modal logics result from adding modalities to intuitionistic, instead of clas-
sical, propositional logic. Different choices can be made when defining such systems and,
as a result, different versions of intuitionistic modal logics have been defined in the litera-
ture. We here follow the approach from Fischer Servi [3] and Plotkin and Stirling [7]. For a
comprehensive overview, refer to Simpson [8].

While decidability of most intuitionistic modal logics has been established [8], logic IS4,
i.e., intuitionistic S4, represents a notable exception: its decidability has been an open question
since its formulation in 1994, in Simpson’s PhD thesis [8]. We thought to have settled the
issue: our LICS’23 paper [4] claimed that IS4 was decidable, and provided a proof-theoretic
algorithm to check decidability of formulas. However, some six months after publication, Agi
Kurucz designed a clever yet simple IS4 formula that could not be decided by our algorithm.
In this talk, we set the record straight by discussing the main ideas behind our LICS’23 paper,
exploring Kurucz’s counterexample, and discussing ongoing work on solutions to the problem
of showing decidability of IS4.

Given a set A of propositional variables, logic IS4 is formulated in the language A ::=
⊥ | a | (A∧A) | (A∨A) | (A⊃A) | 2A |3A, for a ∈ A . Differently from what happens in the
classical case, the modalities 2 and 3 are independent. An axiom system for IS4 is obtained
by extending any axiom system for IPL with the standard necessitation rule and the axioms:
k1 : 2(A⊃B)⊃ (2A⊃2B) k2 : 2(A⊃B)⊃ (3A⊃3B)
k3 : 3(A∨B)⊃ (3A∨3B) k4 : (3A⊃2B)⊃2(A⊃B) k5 : 3⊥⊃⊥
4 : (33A⊃3A)∧ (2A⊃22A) t : (A⊃3A)∧ (2A⊃A)

The semantics for IS4 is defined in terms of birelational models. Note that, as in its classical
counterpart, the accessibility relation of IS4 is reflexive and transitive.

An IS4-birelational model M is a quadruple ⟨W,R,≤,V ⟩ of a set W ̸= ∅ of worlds
equipped with two preorders (i.e., reflexive and transitive relations) — an accessibility re-
lation R and future relation ≤ — and a valuation function V : W → 2A satisfying:
(F1) For all x,y,z ∈W , if xRy and y≤z, there exists u ∈W s.t. x≤u and uRz.
(F2) For all x,y,z ∈W , if x≤z and xRy, there exists u ∈W s.t. zRu and y≤u.

(Mon) If w≤w′, then V (w)⊆V (w′).
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Forcing for atomic formulas is determined as M,w ⊩ a iff a ∈ V (w), with M,w ̸⊩ ⊥. The
relation is then recursively extended to all formulas (clauses for ∧ and ∨ are standard):
M,w ⊩ A⊃B iff for all w′ with w≤w′, if M,w′ ⊩ A, then M,w′ ⊩ B;
M,w ⊩2A iff for all w′ and u with w≤w′ and w′Ru, we have M,u ⊩ A;
M,w ⊩3A iff there exists u such that wRu and M,u ⊩ A.
The forcing relation is easily shown to be monotone: if w≤z and M,w ⊩ A, then M,z ⊩ A.
Theorem ([3, 7]). Formula A is a theorem of IS4 iff A is valid in every IS4-birelational model.

The decision algorithm for IS4 we presented in [4] performs proof search in the fully la-
belled sequent calculus for the logic introduced in [6]. Every semantic component is explicitly
represented in the calculus: in particular, worlds of a birelational models are represented by
labels (x,y,z, ...), with the forcing relation represented by a labelled formula x:A and the struc-
ture of the model represented by relational atoms xRy and x≤y. Here follow some labelled
rules, where ‘y fresh’ means that y does not occur in the conclusion of the rule:

x≤y,y:A,Γ ⇒ ∆,y:B
⊃R y fresh

Γ ⇒ ∆,x:A⊃B

xRy,y:A,Γ ⇒ ∆
3L y fresh

x:3A,Γ ⇒ ∆

x≤z,z:A,x:A,Γ ⇒ ∆
mon

x≤z,x:A,Γ ⇒ ∆

Usually, to obtain a decision procedure for a logic using a proof system one implements
a terminating strategy to perform root-first proof search. If the procedure finds a proof for
a given formula, then obviously the formula is valid in the logic. Otherwise, a failed proof-
search procedure provides enough information to construct a countermodel for the formula. To
ensure termination of proof search, external loop-checks often need to be added to detect rep-
etitions. Termination for several calculi for both IPL and S4 can be ensured in this way [2, 1].

The unique challenges of IS4 are due to the fact that there are two sources of repetition,
i.e., transitivity of the ≤-relation and the R-relation. Their interaction creates a possibly in-
finite proof search, where repetition of full sequents is never encountered. To overcome this
problem, in [4] we incorporated several loop-checks within the rules of the labelled calculus.
That is, during proof search we are allowed to apply rules (called loop-rules) which identify
components of the sequents which are “the same,” provided that some specific side conditions
are met. Then, if the algorithm terminates without finding a proof, it is immediate how to con-
struct a countermodel for the formula at the root. However, if a proof for the formula is found,
we instead need to do some more work, to “remove” all the loop-rules from the derivation.
This process is called unfolding, and it consist of repeating specific parts of the proof until a
“copy” of the component of the sequent identified by the loop-rule is created.

However, in [4] we did not consider all the sources of non-termination that could occur in
root-first proof search. In particular, we did not consider all possible interactions of the two
rules ⊃R and 3L depicted above. In combination with the other rules of the calculus, these
rules can make a sequent “grow” (bottom-up) in two different ways. Rule ⊃R introduces a new
≤-successor y of a label x. Only the formulas occurring in the antecedent and labelled with x
can transfer to y, via the mon rule — we therefore lose information when moving from x to y.
Rule 3L instead introduces a new R-successor of a label. The interaction of ⊃R and 3L is at
the heart of Kurucz’s formula:(

2
(
a⊃ (3b∧3c)

)
∧2

(
(d ⊃⊥)⊃⊥

)
∧2

(
(e⊃⊥)⊃⊥

))
⊃⊥

On this formula, proof search as implemented by the algorithm from [4] runs forever (refer to
the Appendix for more details).

Despite this setback, we still think that logic IS4 is decidable, and in our talk we will
present a more general algorithm that is also based on fully labelled calculus and that can
safely cover the looping behavior exemplified by Kurucz’s formula.
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Appendix

Here we describe the infinite proof search branch generated by the algorithm in [4] on Kurucz’s
formula. For full details about the proof system and the algorithm, we refer the reader to [4].

A labelled sequent is a pair Γ =⇒ ∆, where Γ is a set of relational atoms and labelled
formulas and ∆ is a set of labelled formulas. As in [4], we represent labelled sequents by
means of a directed graph whose nodes are the labels of the sequent (for convenience we shall
use natural numbers), dashed edges are the ≤-relations, and solid edges are the R-relations.
We write a formula A• (resp. A◦) next to a label w to indicate that the labelled formula w:A
occurs on the left-hand side (resp. the right-hand side) of the sequent arrow =⇒.

A labelled sequent and its graphical representation are reported below, where we take
R = 1≤2, 2R2, 2R3, 3≤3, 3≤5, 3R4, 4≤6, 5R6 (reflexive R- and ≤-loops are omitted).

R, 2:33(c⊃d), 3:3(c⊃d), 4:c⊃d, 5:3(c⊃d), 6:c =⇒ 1:33(c⊃d)⊃⊥, 2:⊥, 6:d

133(c⊃d)⊃⊥◦

2

33(c⊃d)•,⊥◦

3

3(c⊃d)•
4

c⊃d•

5

3(c⊃d)•

6

c•,d◦

Below are the logical and main structural rules of the labelled calculus needed to construct
the proof search tree for Kurucz’s formula:

x≤y,y:A,Γ =⇒ ∆,y:B
⊃R y fresh

Γ =⇒ ∆,x:A⊃B

xRy,y:A,Γ =⇒ ∆
3L y fresh

x:3A,Γ =⇒ ∆

x≤z,z:A,x:A,Γ =⇒ ∆
mon

x≤z,x:A,Γ =⇒ ∆

x≤y,x:A⊃B,Γ =⇒ ∆,y:A x≤y,Γ,y:B =⇒ ∆
⊃L

x≤y,Γ,x:A⊃B =⇒ ∆

x≤y,yRz,Γ,z:A,x:2A =⇒ ∆
2L

x≤y,yRz,Γ,x:2A =⇒ ∆

Γ,x:A,x:B =⇒ ∆
∧L

Γ,x:A∧B =⇒ ∆

xRy,y≤z,x≤u,uRz,Γ =⇒ ∆
F1 u fresh

xRy,y≤z,Γ =⇒ ∆

xRy,x≤z,y≤u,zRu,Γ =⇒ ∆
F2 u fresh

xRy,x≤z,Γ =⇒ ∆

We now take F to be Kurucz’s formula and G to be the antecedent of the formula, that is:

F =

G︷ ︸︸ ︷(
2
(
a⊃ (3b∧3c)

)
∧2

(
(d ⊃⊥)⊃⊥

)
∧2

(
(e⊃⊥)⊃⊥

))
⊃⊥

Figure 1 depicts the evolution of a sequent, which grows as we move (bottom-up) along a
branch of a proof search tree having sequent 0≤0 =⇒ 0:F at the root. So, the first rule applied
to the sequent is ⊃R, which generates a new label 1, and the sequent 0≤0,0≤1,1:G =⇒ 1:⊥.
Then, more formulas get labelled with 1, thanks to applications of ∧L, and so on.

Colors identify labels / nodes which are “the same,” meaning that they label the same
formulas both in the antecedent and in the consequent of the sequent. At a first glance, our
sequent contains only finitely many colors, that are nevertheless combined in a peculiar way,
making it difficult to find exact repetitions between sets of nodes.
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0 F◦

1 G•,Σ•,Π,⊥◦

2
d•,⊥◦

∆• 3 b•,a◦

4c•,a◦

5
e•,⊥◦

d•,∆• 6
b•,∆• 8 c•,a◦

7c•,∆• 9 b•,a◦

10
e•,d•

∆• 11
b•,∆• 12

c•,∆• 15 b•,a◦

13
d•,⊥◦

c•,∆• 14
b•,∆•

16 c•,a◦

17
e•,d•

∆• 18
b•,∆• 19

c•,∆• 20
b•,∆• 24 c•,a◦

21
e•,⊥◦,d•

c•,∆• 22
b•,∆•

23
c•,∆•

25 b•,a◦

Figure 1: Proof search for Kurucz’s formula. Same color means same formulas.

In Figure 1 we use the following shorthands:

∆
• = {3b∧3c•,3b•,3c•}

Σ
• =

{
2
(
a⊃ (3b∧3c)

)•
,2

(
(d ⊃⊥)⊃⊥

)•
,2

(
(e⊃⊥)⊃⊥

)•}
Π = {a⊃ (3b∧3c)•, (d ⊃⊥)⊃⊥•, (e⊃⊥)⊃⊥•, d ⊃⊥◦, e⊃⊥◦}

Moreover, we take the formulas in Π to be in all the nodes (i.e., labelled with all the labels)
greater than or equal to 1. The formulas in ∆• are in all nodes greater than or equal to 2 that
are not R-leaves. In particular, observe that formulas d ⊃⊥◦ and e⊃⊥◦ are in all the nodes
greater than or equal to 1. However, in the graph we do not show the result of applying ⊃R

to each of these formulas, but only to some of them (namely, those occurring in nodes 1, 2,
7, and 13). The graph thus represent only a part of the sequent as it evolves along a branch.

The part of the sequent showcased in Figure 1 is already enough to demonstrate non-
termination of the algorithm from [4]. Whenever the sequent grows “vertically” (by appli-
cation of ⊃R) we lose all the formulas a◦, and in the newly introduced nodes we instead
choose ∆•, whence formulas 3b• and 3c• “reappear” in the sequent. These formulas make
the sequent grow “horizontally,” as rule 3L can further be applied to them.

However, Figure 1 already exhibits repetition in the proof search, and the algorithm from [4]
is simply missing the correct looping condition for termination. In our talk we will discuss
these conditions.
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