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Second-order intuitionistic propositional logic (IPL2) extends propositional logic with quantification over
propositions. Notably, even in the intuitionistic setting, positive connectives can be encoded with negative
connectives — e.g. AV B is equivalent to VX ((A — X) = (B— X) — X), L is equivalent to VX X. This
is contrary to intuitionistic first-order logic where the standard connectives are independent.

Intuitionistic tense logic (IKt) was first studied by Ewald [6]. In IKt, the box modality O and the
‘backwards’ modality m are not De Morgan dual to their diamond counterparts ¢ and ¢. Whilst this
was developed independently, IKt follows the ‘intuitionistic’ discipline introduced by Fischer Servi 7, [§],
Plotkin and Stirling [I1] and Simpson [I3]. Other intuitionistic variants of modal logic with diamonds
have been studied with no common consensus on the correct discipline, e.g. [12} 17} Bl Bl 10].

In this abstract, we define a second-order variant of intuitionistic tense logic (IKt2) and summarise
the results given in [I]. Remarkably, with the power of second-order quantification, we can encode the
diamonds in terms of the negative fragment of the language:

CA:=VX(O(A—mX)— X) *A=VX(m(A—-DX)—X)

We provide an axiomatisation, semantic foundations through birelational and predicate structures and
a labelled cut-free proof system, and show their equivalence following this grand tour.
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Figure 1: Grand tour of results

Axiomatisation. The language of IKt2 is given by the grammar:
Auw=PePr|XeVar|A— A| DA |mA | VXA,

where P ranges over propositions and X ranges over free variables. We assume formulas of the language
are closed. The symbol L and connectives A and V are defined in the standard way in second-order logic,
with ¢ and @ as explained above.

IKt2 is an extension of second-order propositional intuitionistic logic (IPL2) with the axioms:

Dp:0(A— B) »0A—oB Dp:m(A— B) —»>mA—naB Ao : A= mOA Age : A—DOeA

and inference rules:

A=B A A[P/X] A A
mp —m— gen ———— P fresh necg —— necy ——

B VXA oA mA

Unlike in first-order [9] 4] and second-order modal logics [2], the Barcan formula VXOA — OVX A is
not required for a complete axiomatisation but is derivable.

Birelational semantics. We define birelational semantics similarly to the semantics of intuitionistic
tense logic [6]. To account for second-order quantifiers, we must further include a domain of sets to
evaluate propositions. This restriction yields a Henkin semantics for our second-order quantifiers.



A (second-order) birelational structure B is a tuple (W, <, W, Ry) where: W is a set of worlds; < is a
pre-order on W; W C P(W) is a class of sets (or predicates) that are upwards-closed (i.e. if Ve W,v eV
and v < v/, then v" € V) and contains an interpretation Py € W for each P € Pr; and Ry C W x W is
an accessibility relation. We furthermore require in 5 that Ry is a bistmulation on <, i.e.:

Vo,w,w' € W (vRpw <w' = F' > vv'Ryw’) and Yv,v',w € W (v > vRew = Fw' > wv'Rgw’)

We expand the language by including each V' € W as a propositional symbol, setting Vig := V. The
judgement v Fgz A, for v € W, is defined by induction on (closed formula) A:

vEy P if ve Py

vEg A— B if YW >v(w Eg A = v Egp B)

vEg OA if Yo' >ovvVw € W (WRgw' = w' Eg A)
vEg mA if Yo' >oVu € W (WRpv = v Eg A)

vEg VXA if Yo' >oVV eW By A[V/X]

We write simply Fo3 A if w Egs A for every w € W.
B is comprehensive if, for any closed formula C' (of the expanded language), it has a set [C] = {w €
W | wkg C}in W. A birelational model is a comprehensive birelational structure.

Predicate semantics. We also consider intuitionistic predicate structures. A (second-order) pred-
icate structure P is a tuple, (Q, <, W, W, {P%}scq,pew, {R"}acq) where: Q is a set of intuitionistic
worlds (or states); < is a partial order on €; W is a set of (modal) worlds; W 2 Pr is a set of (modal)
sets (or predicates); for P € W and a € €, there is an interpretation P* C W such that if a < b, then
Pe C Pb and for a € Q, R* C W x W is an accessibility relation at a, such that if a < b, then R* C RP.

We similarlly expand the language of formulas by including each V' € W as a propositional symbol.
The judgement a,v Fy A, for a € Q and v € W, is defined by induction on A:

a,v Fp P if ve P®
a,vEp A— B if VYo>a(bvFpg A = b,vFEyp B)
a,v Fyp OA if Vb>aVwe W (vR'w = b,w Fp A)

a,v Fyp WA if Vb>aVueW (uRbv = bulFg A)
a,vEp VXA if Vb>aVP eW bvEyp A[P/X]

We write simply Fq A if a,v Fp A for every a € Q,v € W.
PV is comprehensive if, for each formula C (of the expanded language), it has a set [C] € W with
[C]* ={w e W | a,w gy C}. A predicate model is a comprehensive predicate structure.

Labelled proof systems. We consider a labelled proof system for IKt2 adapting Simpson’s calculus
for IK [13] to tense modalities and second-order quantifiers [I5]. Fix a set WI of world symbols, written
u, v, w etc. A relational atom is an expression v Rw, where v, w € WI. A labelled formula is an expression
v : A where v € Wl and A is a formula. A labelled sequent is an expression R|T' = A where R, the
relational context, is a set of relational atoms and I, A are multisets of labelled formulas, respectively
the antecedent and succedent.

The system m/lIKt2 is given by the rules in Fig. where every upper sequent of a right-rule must
have a succedent of size at most one. The system £IKt2 has the same rules as m/IKt2 with the restriction
that all sequents must have succedent of size at most one.

Summary of results. To link the structures introduced above we prove that the following are
equivalent (as illustrated in Fig. :

1. IKt2 - A; 4. mlKt2F - |- = w: A for a world symbol w;
2. Eg A for all birelational models B; 5. IKt2F - |- = w : A for a world symbol w.

3. Fy A for all predicate models 3;

We give a brief proof sketch; for full details, the reader is referred to [1J.

1. = 2.: standard soundness argument by induction on the proof of IKt2 - A.

2. = 3.: we can view predicate models as birelational structures by essentially taking the product
Q x W for the set of worlds of a birelational model. By induction on A we show that this embedding is
faithful.



Identity:

id
Rijv:A=v:A

Strutural rules:

R|T = A R|T = A
“"RTv:A= A "RIT=A0: A
R|IT,v:Av: A=A RI'sAv:Av: A
“ RITv: A=A « RIT=Av:A
Logical rules:
RIT=Av:A R|IV,v:B= A RITZw:A=v:B
TUTTRITI v A B= AN T"RIT=A,0:A B
R|T,v: A[C/X] = A R|T =v: A[P/X]
L Vo P fresh
R|IT,v:VXA= A RIT=Av:VXA
R,vRw|T,w: A= A R,vRw|l = Ajw: A
mf} Or w fresh
R,vRw|T,v:0A = A R|IT=Av:04
R,uRv|T,u: A= A RuRv|T=Au: A
LIS u fresh

“R,uRv|T,0: mA = A R|IT = A,v:mA

Figure 2: Rules of m/IKt2 and /IKt2. A symbol is fresh if it does not occur in the lower sequent.

3. = 4.: cut-free completeness of the calculus mlIKt2 is shown by a countermodel construction.
Informally, this is done by iterating two proof search phases: (i) a transfinite, invertible and non-branching
phase, and (ii) a single-step, infinitely branching and non-invertible phase. The transfiniteness of proof
search is due to the comprehension rule V; where C' can be an arbitrary formula. From this transfinite
tree, we can read out a predicate counter-model with non-invertible phases corresponding to intuitionistic
worlds, while labels and relational atoms correspond to modal worlds and their modal relations. Finally,
in order to define an appropriate domain of sets, we exploit techniques by Prawitz and Tait for completing
semivaluations, a la Schiitte.

4. = 5.: by induction on the m{IKt2 proof of - |- = w : A. Due to the absence of native positive
connectives, namely V, this is much easier than the first-order and propositional cases [16].

5. = 1.: we define a formula interpretation of labelled sequents, and we show that rules are sound
in IKt2 through the interpretation similarly to [14]. This relies on the fact that R is a rooted (poly-)tree
whose vertices we can interpret in the modal language by tense modalities.
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